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Hard-Sphere fluids Discovery of the entropic freezing transition

» Event-driven simulation of hard spheres was the first molecular dynamics
simulation ever carried out, by Alder and Wainwright in 19571

» Their key result was that freezing may be driven entirely by entropic effects.

> They were able to see systems transitioning between liquid and solid states
via the pressure, thanks to the speed of the algorithm and their use of small
system sizes (32-500 particles).

» It wasn't until 19672, when Loup Verlet published his seminal paper on
Lennard-Jones simulations (N = 864), that continuous time-stepping
approaches became popular.

1. J. Alder, T. E. Wainwright, “Phase Transition for a Hard Sphere System,” J. Chem. Phys., 27, 1208
(1957).
2Loup Verlet, " 'Computer " Experiments’ on Classical Fluids. 1,” Phys. Rev., 159, 98 (1967).
MNB & LL DynamO Workshop 23/01/2015 3/9



-Sphere fluids Discovery of the entropic freezing transiti

MNB & LL ynamO Workshop






Hard-Sphere fluids Discovery of the entropic freezing transition

Lo 400
» The transition effect was suprising, as the !
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where the diameter is 0 = 1.
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Hard-Sphere fluids Pressure
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Figure: Pressure versus density for a hard
sphere fluid of N = 1372 particles. Lines
denote accurate values for the liquid/solid
coexistance densities.
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Hard-Sphere fluids

Radial distribution function

» To confirm that a system has indeed frozen, we might try to measure if there
is local ordering around a particle.

» The radial distribution function, g(r), is a convenient function to analyse
this. It is the average density of particles, relative to the bulk density, at a
distance r from a particle.

> An example g(r) for high-density hard spheres is given below:
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Figure: Radial distribution function for p = 1.2, clearly displaying long-range
ordering and peak locations characteristic for an FCC lattice (r/o =1, V2, V/3).

» Note: g(r) is discontinuous at r = o.

MNB & LL

DynamO Workshop 23/01/2015

7/9



Hard-Sphere fluids |~ [Equations of state

» Finally, the hard sphere fluid is remarkable as we have a relatively strong
theoretical descriptions of it.

> The fluid branch is accurately described by the Carnahan-Starling EOS:
L+n+n° —

3

p n
Z = ~ 1
pke T (1-n)° M

where n = N7 03/6 V is the packing fraction.

» The accuracy of these equations of state mean that the hard-sphere is often
used as a reference system in thermodynamic perturbation theories which
attempt to predict the thermodynamics of stepped and continuous potentials.

> The pressure in hard-spheres is also exactly linked to g(r = o%) and the
mean free time t,n:

2m0\/_ 1

27rp 4
( ) 3k T mft

Z=1+

» These expressions can be generalised to stepped potentials®.

3M. Bannerman, L. Lue “Exact on-event expressions for discrete potential systems,” J. Chem. Phys., 133,
124506 (2010)
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Hard-Sphere fluids Kinetic predictions of transport properties

» Boltzmann kinetic theory also provides simple expressions estimations for the
transport properties for hard-sphere fluids at low density:

3 t ft
DEnskog = 2rn

- 5pm DEnskog
T|Enskog = T

A _ 25 p ks DEnskog
Enskog — T

» Enskog kinetic theory provides significantly more accurate expressions for the
transport properties but the expressions are slightly more cumbersome.

» This is a very shallow introduction to the wide theoretical understanding of
discrete potentials and, in particular, hard spheres.

» Enjoy the tutorial!
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